Abstract. We compute the Poisson cohomology of a scalar Poisson bracket of Dubrovin-Novikov type with D independent variables. We find that the second and third cohomology groups are generically nonvanishing in D > 1. Hence, in contrast with the D = 1 case, the deformation theory in the multivariable case is non-trivial.
Introduction
The multidimensional Dubrovin-Novikov (DN) type Poisson brackets were introduced by Dubrovin and Novikov in [7, 8] .
Let x = (x 1 , . . . , x D ) be coordinates on the torus T D and u = (u 1 , . . . , u N ) be variables on an open ball U ⊂ R N (or more generally local coordinates on a smooth N -dimensional manifold M ). The Dubrovin-Novikov brackets are of the form
were g ijα (u) and b ijα k (u) are smooth functions over U , and δ(x − y) denotes the multidimensional Dirac delta function
The fact that the brackets (1) are Poisson (i.e. that they are skewsymmetric and satisfy the Jacobi identity) imposes several conditions on the functions g ijα (u) and b ijα k (u). Such conditions have been studied and are still being studied for different values of D, N by several authors. In particular they have been related to certain geometric structures over M , since the seminal paper by Dubrovin and Novikov [7] which states a one to one correspondence between the nondegenerate D = 1 Poisson brackets and flat contravariant pseudo-Riemannian metrics. A general set of equations valid for all D, N has been obtained by Mokhov [14] ; a classification of the nondegenerate brackets for D = 2 exists for N = 2 [15] and N = 3, 4 [10] , where it relies on the notion of Killing (1, 1)-tensors; in special cases a classification can be obtained for D = 2 and arbitrary N , or for D = 3, N 3 [10] , or again for arbitrary D and N [15] . Very recently some first results on the classification of degenerate brackets have appeared [16, 17] .
As pointed out in [9] , at least in the scalar case, an important problem is to classify the dispersive deformations of such brackets. Let us state this problem precisely in the multidimensional case.
Let A be the space of differential polynomials, i.e. formal power series in the variables ∂ The standard degree deg on A counts the number of derivatives ∂ x i in a monomial, i.e., it is defined by deg(∂
We consider dispersive deformations of multidimensional DN brackets of the form
where A 
The Miura-type transformations (of the second kind [12] ) are changes of variables of the form
where F i k ∈ A and deg F i k = k. They form a group called Miura group. The main problem is to classify the dispersive deformations (2) of the multidimensional DN type brackets {, } up to equivalence. Two deformations are equivalent when they are related by a Miura transformation. A deformation {, } ǫ is called trivial when it is equivalent to the undeformed DN type brackets {, }.
It is a well known general fact that the dispersive deformations are governed by the second and third Poisson cohomology groups associated with the dispersionless Poisson bracket {, }. In particular the second Poisson cohomology classifies the infinitesimal deformations, while the third Poisson cohomology encodes the obstructions to the extension of an infinitesimal deformation to a full dispersive deformation. See Section 2 for the relevant definitions.
In the case of a single independent variable, D = 1, the Poisson cohomology of a DN type Poisson bracket has been shown to vanish, in positive degree, by Getzler [11] . The main consequence of this result is that all deformations of one-dimensional DN type Poisson brackets are trivial, i.e., they are Miura equivalent to their dispersionless limit. Independent proofs of the triviality of the deformation problems in the case D = 1 have been obtained within different frameworks [5, 9, 6] . Moreover, some first results for D = 2 have been published by one of the authors [3] .
In the scalar case N = 1 the general form of a multidimensional DN type Poisson bracket is [14] {u
where g(u) is a non-vanishing function and c i are constants, with i = 1, . . . , D.
Our main result is the computation of the full Poisson cohomology of the Poisson bracket (3), in a quite implicit form, see Theorem 9. As a consequence of this result, we obtain the cohomology groups of low degree, which are relevant for the deformation theory, for some values of D, see Section 3. We find in particular that for D > 1 the second and third Poisson cohomology groups are generically non-vanishing. Therefore (formal) infinitesimal deformations of (3) are still parametrized by a class in H 2 (F), although this class is in general non-homogeneous in the standard degree, but no general statement can be made about the possibility of extending such infinitesimal deformation to a full deformation of the form (2), even in the homogeneous case. See Section 2.7 for further details.
Interesting problems to consider at this stage would be: the study of how particular examples of full dispersive Poisson brackets of DN type in D > 1 fit in this scenario; and the formulation of classification and existence theorems for certain subclasses of homogeneous deformations.
The paper is organized as follows: in Section 2 we introduce the main tools of formal multidimensional variational calculus. In Section 3 we specialise to the case of a single dependent variable, and we prove our main Theorem. In Section 4 we explicitly compute a few homogeneous components of the first and second cohomology groups, using the formalism of Poisson Vertex Algebras.
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Functional variational calculus and deformations in the multidimensional case
In this Section we introduce the basic notions of local multivectors, SchoutenNijenhuis brackets, θ formalism and Miura transformations in the case of D independent and N dependent variables. In §2.1-2.5 we give the D 1 version of some basic constructions of [12, 13] , omitting the generalisations of most of the proofs, which will be addressed in a subsequent publication. In §2.6 we introduce short sequences related with partial integrations, which are a peculiar feature of the D > 1 case, and we prove that they are exact, adapting the proof of exactness of the variational bicomplex [1] . In §2.7 we consider the relation between deformation theory and Poisson cohomology. 
Sums over repeated indices and multi-indices are assumed. 2.2. Local multivectors. Using the multi-index notation, the space of differential polynomials is
where we denote u α,S = ∂ S u α . The standard gradation deg on A is given by deg u α,S = |S|. We denote A d the homogeneous component of degree d. On A we define commuting derivations ∂ x i for i = 1, . . . , D by
The elements of the quotient
are called local functionals. The standard gradation on A induces a standard gradation on F, since the operators ∂ x i are homogeneous. We denote the projection map from A to F as a multiple integral, which associates to f ∈ A the element
One can easily prove that
and is equal to zero otherwise, and δ δu α ∂ x i = 0.
From this in particular it follows that the variational derivative of D f d D x does not depend on the choice of the density f .
A local p-vector P is a linear p-alternating map from F to itself of the form
where P [12] .
The θ formalism. LetÂ be the algebra of formal power series in the commutative variables u α,S , |S| > 0 and anticommutative variables θ S α , |S| 0 with coefficients given by smooth functions on U , i.e., 
Note that the kernel of ∂ x i onÂ is R.
We denote byF the quotient ofÂ by the subspace ∂ x 1Â + · · · + ∂ x DÂ, and by a multiple integral D · d D x the projection map fromÂ toF . Since the derivations ∂ x i are homogeneous, i.e., deg ∂ x i = 1 and deg θ ∂ x i = 0,F inherits both gradations ofÂ.
Equations (4) and (5) hold and, similarly,
and is equal to zero otherwise. It follows that the variational derivative
Hence both variational derivatives (5) and (7) define maps fromF toÂ.
Proposition 2. The space of local multi-vectors Λ p is isomorphic toF p for p = 1. Moreover
where Der ′ (A) denotes the space of derivations of A that commute with ∂ x i ,
Remark 3. Let us give here some remark on the proof of this Proposition, following the argument of [12] . Notice that for p = 0, the isomorphism is trivial, sinceF 0 = F = Λ 0 . Let us assume instead that p 1. Given P ∈F p , and arbitrary I 1 , . . . , I p ∈ F, let
Clearly ι(P ) is an p-alternating map from F to A, and it satisfies
The desired mapι fromF p to Λ p is then defined bỹ
Surjectivity ofι is easy to see; indeed the local p-vector (6) is the image through ι of
In the case p = 1, an element P ofF 1 can be written uniquely as
for P α ∈ A. The map that sends P to
Clearly, for each i, the derivation associated with P =
, therefore is in the kernel ofι. From Lemma 1 it follows that the kernel ofι is indeed generated by these elements.
It remains to show thatι is injective for p 2, which can be done essentially by adapting the proof given in [12] to the present case. Since this argument relies on further technical lemmas on differential operators we prefer to skip it in the context of this paper.
2.4.
The Schouten-Nijenhuis bracket. The Schouten-Nijenhuis bracket
is defined as
It is a bilinear map that satisfies the graded symmetry
and the graded Jacobi identity
for arbitrary P ∈F p , Q ∈F q and r ∈F r . A bivector P ∈F 2 is a Poisson structure when [P, P ] = 0. In such case d P := ad P = [P, ·] squares to zero, as a consequence of the graded Jacobi identity, and the cohomology of the complex (F , d P ) is called Poisson cohomology of P .
2.5. The differential onÂ. Given an element P ∈F p we define the following differential operator onÂ
Since [D P , ∂ x i ] = 0 for all i = 1, . . . , D, the operator D P descends to an operator onF which is given by the adjoint action ad P = [P, ·] of P onF via the Schouten-Nijenhuis bracket, i.e.,
for Q ∈Â. This can be easily checked by integration by parts.
Remark 4. It can be proved by an explicit computation that
which holds for P ∈F p and Q ∈F q , where the brackets on the righthandside represent the graded commutator that induces a graded Lie algebra structure on the space of graded derivations to which D P belongs, see [13] , i.e.,
It follows that, if P ∈F 2 is such that [P, P ] = 0, then D 2 P = 0; in other words, if P ∈F 2 is a Poisson structure, then D P squares to zero, hence (Â, D P ) is a differential complex.
We will not prove the identity (9) here, since in our specific case, where P is given by formula (20), the fact that D 2 P = 0 simply follows from a trivial computation, see next Section.
Partial integrations.
A crucial role in our construction is played by the following Lemma.
Lemma 5. The sequences
Proof. The exactness of the first line is obvious: by quotienting out the kernel of ∂ x 1 , which is given by constants, we have injectivity on the left side, while dx 1 just denotes the projection to the quotientF 1 , which is indeed surjective.
Let us consider the second line. The derivation ∂ x 2 onÂ commutes with ∂ x 1 , hence defines a map onF 1 which we denote with the same symbol. Notice thatF
therefore surjectivity is guaranteed. The same argument works for the rest of the lines, since it is easy to check thatF
It remains to be proved that the map induced by ∂ x a onF a−1 has kernel given by R, for a = 2, . . . , D. In order to do this we reformulate this property as the vanishing of the cohomology of some auxiliary complex, and then we construct an explicit homotopy contraction for that auxiliary complex that implies the vanishing of its cohomology.
The map induced by ∂ x a onF a−1 has only constants in the kernel if and only if for any function f ∈Â the conditions
and f is non-constant imply that f ∈ ∂ x 1Â + · · · + ∂ x a−1Â. Consider the following complex:
where Ω j , 0 j a, is the space of local differential j-forms with coefficients inÂ/R, that is,
The property that f ∈ ∂ x 1Â + · · · + ∂ x a−1Â (and the similar statements for g i , i = 1, . . . , a − 1, obtained by relabeling of the independent variables) is equivalent to ω ∈ d H Ω a−2 . That is, we have to prove that the auxiliary complex (11) is acyclic in cohomological degree a − 1. In order to do this, we revisit the argument of Anderson, cf. [1, Proposition 4.2 and 4.3]. While the horizontal rows of the variational bicomplex that is considered in [1] are, in general, quite different from (11) (the meaning of the symbol θ is completely different), the combinatorics of the differential d H is literally the same, which allows us to adapt the formulas of Anderson.
The first thing we need to do is to refine the standard gradation. Namely, we represent S ∈ Z D 0 , |S| > 0, as the sum S = S ′ +S ′′ , where 
where the coefficients have deg ′′ = d ′′ and deg θ = p. There are two different cases, p = 0 and p = 0. In the case p = 0, we have no θs. Also, we consider the variables u α,S as u (α,S ′′ ),S ′ , that is, we introduce a new index (α, S ′′ ) for the dependent variables, and we take into account only the dependence on the independent variables x 1 , . . . , x a . In other words, we redefine the algebra A to be
where {u (α,S ′′ ) } is the new set of dependent variables (we allow S ′′ = 0 and identify u (α,0) with u α ), {x 1 , . . . , x a } is the new set of independent variables, and u (α,S ′′ ),S ′ = ∂ S ′ u (α,S ′′ ) . If we fix the degree deg ′′ , we still have a finite number of dependent variables, and the only difference with the standard case is that we require our functions to be homogeneous polynomials in some of them (as opposed to just smooth functions). This modification (and also the minor difference that we don't consider explicit dependence on independent variables) is the only difference between the complex (12) for p = 0 and the complex considered in the first half of [1, Proposition 4.3] . It is then straightforward to see that the argument of Anderson proves that this complex is acyclic (up to cohomological degree (a − 1)).
It remains to prove that the complex (12) is acyclic in cohomological degree (a−1) for p > 0. In this case we can follow [1, Proof of Proposition 4.2]. Anderson gives an explicit homotopy contraction operator that uses only the combinatorics of indices of the variables ∂ S ′ θ S ′′ α =: θ S ′ (α,S ′′ ) , so we can also define it as an operator h p,i : Ω
Since the bookkeeping of indices and notation in [1] is quite different from the one we use in this paper, let us rewrite the homotopy contraction operator explicitly in our terms, cf. [1, Equation (4.13)]:
Then
This completes the proof of the Lemma.
Deformations of DN brackets and Poisson cohomology. Let us introduce the transformations
on the space A, where
The transformations (14) form a group who is called the Miura group [9] . It can be regarded as the group of local diffeomorphisms on the space A, whose Lie algebra is the algebra of the (translational invariant) vector fields on A. The transformation of the 0-th order coordinates u i is then lifted to the higher order jet variables u i,S . The action of the elements of the Miura group is then naturally extended to the full spaceÂ. An important subclass of Miura transformations, that plays a central role in the theory of the deformations of DN brackets, are the so-called second kind Miura deformations [12] , for which
Definition 6. Given a Poisson bivector P 0 ∈F 2 , a n-th order infinitesimal compatible deformation of P 0 is a bivector
The bracket associated to a deformed bivector by the rule
In the DN case, where deg P 0 = 1, the degree of each deformation deg P k is k + 1.
Definition 7.
A deformation of P 0 is said to be trivial if there exists an element φ of the Miura group such that φ * P = P 0 . From Definition 6, this implies that φ must be of second kind. Equivalently, an infinitesimal deformation is trivial if there exist an evolutionary vector field X such that [X, P 0 ] = P . This is equivalent to say that {φ(u(x)), φ(u(y))} 0 = φ ({u(x), u(y)} ∼ ) + O(ǫ n+1 ) for a deformed bracket of degree n + 1.
As in the finite dimensional setting, the theory of deformations of DN brackets can be rephrased in terms of the Poisson-Lichnerowicz cohomology. The main result of this paper is, indeed, the computation of the full cohomology for N = 1 and arbitrary D DN brackets. It is then well known the relation between lower order cohomology groups and the key elements of the deformation theory.
If P ∈F 2 and [P, P ] = 0, then D P defined in (8) squares to 0. That means that it is possible to define a cochain complex 0 →Â
and its cohomology; moreover, since D P commutes with all the ∂ x i the complex and the cohomology groups pass to the quotient spaceF.
We denote
The groups H • (F, d P ) constitute the Poisson-Lichnerowicz cohomology in the infinite dimensional setting we are dealing with. We identify the first cohomology group H 1 with the symmetries of the Poisson bivector P that are not Hamiltonian, and the second cohomology group H 2 with the infinitesimal compatible deformations of the Poisson bracket defined by the bivector P that are not trivial. Recalling the definition of d P , a symmetry X is an (evolutionary) vector field, namely a derivation ofF which commutes with all {∂ x i }, such that [P, X] = 0, a Hamiltonian vector field is a vector field of form X H = [P, H] for H ∈F 0 a local functional, a compatible bivector P ′ is a bivector such that [P, P ′ ] = 0, and a trivial compatible bivector is such that P ′ = [P, Y ] for some vector field Y ∈F 1 .
The gradation onÂ defined in Paragraph 2.3 can be used to decompose the cohomology groups both onÂ andF. We will denote, for instance, H 2 2 (F ) the first order (n = 1 in the expansion (15)) nontrivial compatible deformations of a Poisson bivector of degree 1.
Remark 8. Spelling out the compatibility condition for the bivectors, one get a sequence of equations
. . .
In particular, the first nonvanishing term of the expansion must be a compatible bivector in the Bihamiltonian sense, and the possibility of extending the deformation from the first order to the following ones is related to the third cohomology group. Furthermore, if we have a bivector P = n k=0 P k , deg P k = k + 1, [P, P ] = O(ǫ n+1 ), we can extend it one order higher in ǫ if and only if the following element ofF 3 happens to be d P 0 -exact:
Note that the condition [P, P ] = O(ǫ n+1 ) implies that this element is d P 0 -closed. To this end it would be sufficient to have H 3 n+3 (F ) = 0, but unfortunately, as we see below, it is in general not the case for the DN-brackets.
However, once we have a particular extension to order ǫ n+1 given by a bivector P n+1 such that [P + P n+1 , P + P n+1 ] = O(ǫ k+2 ) (for instance, we definitely have one equal to zero in the case P 1 = · · · = P n = 0), then we can describe explicitly the space of all possible extensions up to Miura transformations of second kind. It is an affine space given by P n+1 + H 2 n+1 (F ).
The Poisson cohomology in the scalar case
In this Section we consider the N = 1, or scalar, case. 
Theorem 9. The Poisson cohomology of the Poisson bracket (3) in bi-degree (p, d) is isomorphic to the sum of vector spaces
The proof of this Theorem will be given in the following subsections. The strategy is to compute first the cohomology of a particular Poisson bracket, and then to show that the cohomology does not change under linear changes of the independent variables. That allows us to extend the result to the whole class of Poisson brackets (3) .
Let us first derive some consequences of Theorem 9. Let's start by an explicit description of the spaces H 
Remark 11. The vanishing result in last line of the Lemma can be improved:
for any l 0.
Proof. For p = 0, 1 the statement is trivial. is given by
can always be cancelled by a generic element in
, which is of the form
by the obvious symmetry properties of the matrices a ij , b ij , c ij .
p s which can be given in terms of a generating function as
A straightforward application of Theorem 9 gives us the explicit form of the Poisson cohomology groups in several cases:
Corollary 13. We have that:
Remark 14. The vanishing result in the last line actually generalises to the set of bidegrees (17) . 
is given by the number of ways of writing d as the sum of p distinct nonnegative integers, regardless of the order. The result, in terms of the partition function P (n, k) giving the number of ways of writing n as sum of k positive addends, is [4] dim Θ
Since Ker , 1) is given by the same formula (18) with
Then we have:
for (p, d) = (0, 1) and dim H 0 1 (2) = 0. The dimension of the cohomology group H p d (F ) is obtained in a straightforward way from Theorem 9 for D = 2. We can conveniently express it as a generating function
From the explicit form of P (n, k) for k = 2, 3 we can improve the results of Lemma 10
Combining the two previous results we obtain: 
which, in the θ formalism, corresponds to the bivector
In this Section we compute the Poisson cohomology of the bracket {, }ˆ, i.e., the cohomology of the complex (F , dP ), where dP = [P , ·]. Let
be the differential operator onÂ associated withP defined in (8) . Clearly, ∆ squares to zero. Moreover, this operator commutes with ∂ x 1 , . . . , ∂ x D , therefore it induces a differential on each of the spacesF 1 , . . . ,F D . In particular, it is obvious that onF D =F this operator coincides with dP . With the differentials induced by ∆ onÂ,F 1 , . . . ,F D , the short exact sequences (10) become short exact sequences of complexes. We will use the associated long exact sequences in order to compute the cohomology ofF 1 , . . . ,F D . Since all the cohomology groups that we consider are to be understood with respect to the differential induced by ∆, we will generally refrain from indicating it all the time.
Recall that we denote by Z D the sub-semiring of Z that consists of multiindices of the form S = i s i ξ i with s D = 0.
Lemma 18. We have that H(Â)
Proof. Under the identification θ S+ξ D ↔ du S , S ∈ Z, the operator ∆ turns into the de Rham differential on the differential forms in u S , S ∈ Z, hence its cohomology is given by the degree 0 forms constant in u S , S ∈ Z, that is, by all elements ofÂ independent of u S and θ S+ξ D , S ∈ Z. These are the polynomials in θ S , S ∈ Z D .
Since the kernel of the map (21) is equal to zero, the Bockstein homomorphism vanishes, and therefore we can conclude that
In particular, the previous Proposition implies that H 
Finally we can compute the Poisson cohomology in the scalar case:
Proof. The short exact sequence
induces in cohomology the exact sequence
It is easy to check that, for a ∈ Θ,
hence the map ∂ x D sends any element of Θ, considered as a subspace ofÂ, to a ∆-exact element ofÂ. This implies that the operator induces by ∂ x D on the cohomology ofÂ is equal to zero, and therefore it is also equal to zero on the cohomology ofF i , i = 1, . . . , D − 1. The long exact sequence (22) is then equivalent to the collection of short exact sequences
3.3. Change of independent variables. In Section 3.2 we have proved a theorem about the Poisson cohomology for the bracket {u(x), u(y)} = ∂ x D δ(x−y). On the other hand, the generic nondegenerate Poisson bracket (3) has the form, when written in flat coordinates,
Let us denote ∆ the Poisson bivector associated to the bracket (23).
In this Section we prove that the cohomology groups for the bracket (23) are isomorphic to the ones we computed in the previous one, and hence that Theorem 9 holds for all the nondegenerate scalar DN brackets.
The linear change of independent coordinates, as already discussed, maps the numerator of the quotient to an isomorphic space. For the denominator we have
Since both the numerator and the denominator of the quotient H p d (F) are mapped to isomorphic spaces, such is the quotient itself. This allows us to extend the Theorem 9 to all the nondegenerate scalar DN brackets.
Direct computation of some cohomology groups
In this section we show how one can explicitly compute some cohomology groups H p d (F , ∆) using the formalism of Poisson Vertex Algebras [2] . The notion of Poisson Vertex Algebra was introduced as an algebraic framework to deal with evolutionary Hamiltonian PDEs with one spatial variable, but an extension to D-dimensional equations is straightforward and has already been exploited to compute some cohomology groups for (D = 2, N = 2) DN brackets [3] .
) endowed with D commuting derivations and with a bilinear operation {· λ ·} : V ⊗ V → R[λ 1 , . . . , λ D ] ⊗ V called the λ bracket satisfying the following set of properties:
We use a multi-index notation λ I = λ
. . , i D ). The terms in the RHS of Property (4) are to be read, if
When we consider V = A the algebra of differential polynomials and identify the "total derivations" ∂ x i with ∂ i , the set of axioms for the PVA translates into a practical formula that gives the bracket between two elements of A in terms of the bracket between the so-called generators u α :
The main reason why the notion of a Poisson Vertex Algebra is relevant and useful for the study of the Poisson cohomology is that there exists an isomorphism between the Poisson Vertex Algebras and the Poisson brackets on the space of local functionals. In particular, given the λ bracket of a PVA we have that f, g = {f λ g}| λ=0 and, given a Poisson bracket in the space of the local densities A, {u α (x), u β (y)} =
Moreover, an evolutionary Hamiltonian PDE of form u t = { h, u} is mapped to u t = {h λ u}| λ=0 . The advantage of working with PVAs rather than on local functionals is that there is no need to integrate -or, equivalently, to perform the quotient from A to F -since the properties (5) and (6) encode the skewsymmetry and the Jacobi identity for the bracket after the integration. This allows to perform explicitly computations, a few examples of which we will now demonstrate.
4.1.
Symmetries of the bracket. The λ bracket is equivalent to the Poisson bracket defined by the bivector ∆ =
As we have already discussed in Sect. 2.4, the elements of the first cohomology group H 1 (F, ∆) are the symmetries of the bracket that are not Hamiltonian, namely the evolutionary vector fields For H 1 0 we want to consider an evolutionary vector field whose component X depends only on u. Since the bracket between the generators u is constant, the LHS of (26) vanishes; computing the RHS with the help of formula (25) and setting it equal to 0 immediately gives that X must be a constant. Given the form of the Poisson bivector, we cannot have any constant Hamiltonian vector fields; thus, H 1 0 = R. To compute H 1 1 we are interested in vector fields of first degree, namely
Imposing the condition of symmetry does not give any condition on X D but forces X i for i = 1, . . . , D − 1 to be constants. On the other hand, if we take a generic Hamiltonian density of degree 0, i.e., a function h(u), its Hamiltonian vector field will be X h = h ′ (u)u ξ D , where X D = h ′ can be arbitrary. This means that the D − 1 constants only are elements of H 1 1 = R D−1 . In principle, computing any component of the first cohomology group means performing the same computations as the ones for the first two. However, they become more and more involved with the growing of the degree (and hence of the differential order). Another advantage of the formulation of the problem in term of PVAs is that the computations are straightforward and can be performed by a computer. Computing (26) for a degree two evolutionary vector field, whose component is X = D a,b=1 X ab 1 u ξa u ξ b + X ab 2 u ξa+ξ b , we get that the necessary condition is that X 1 = X 2 = 0 for all (a, b). This means that H 1 2 = 0.
4.2. Deformations of the bracket. As already discussed, the second cohomology group classifies the compatible infinitesimal deformations of the λ bracket associated with the Poisson bivector ∆ that cannot be obtained by a Miura transformation. We will demonstrate a few results for the case D = 2. Definition 6, in terms of λ bracket, translates into considering a deformed bracket {· λ ·} = {· λ ·} ∆ + ǫ{· λ ·} ∼ and requiring that it satisfies Property (5) and (6) of the PVAs up to the order ǫ. Since {· λ ·} ∆ is constant, it is enough to impose the skewsymmetry of {· λ ·} ∼ and
The form of the deformed bracket we choose depends on which component of the second cohomology group we are interested in: when computing H 2 d we will consider homogeneous λ brackets of degree d (as for the gradation onÂ, we consider deg λ I = |I| and deg{u λ u} = deg(B(u; u L ) I λ I ) = deg B + |I|). Property (5) prevents the existence of nontrivial elements in H 2 0 , since there cannot be skewsymmetric brackets of form {u λ u} = A(u).
For H 2 1 we consider brackets of form {u λ u} ∼ = 2 a=1 2A a (u)λ a + A a′ u ξa -we have already implemented the skewsymmetry of the deformation. Computing condition (27) for this bracket does not give any constraint on A 2 but implies that A 1 is constant. Let us consider a generic Miura transformation that gives rise to a bracket of degree one: since ∆ is degree one as well, the transformation must be of degree 0, so u → U = u + ǫF (u). We get
This computation shows that we can never get from a Miura transformation a bracket of form {u λ u} = λ 1 , which is compatible with {· λ ·} ∆ . This means that H 2 1 = R. We can proceed similarly for H 2 2 ; in this case a general deformed bracket of degree 2 will be
Note that, by definition, A, C, and D are symmetric in the indices (a, b). Imposing skewsymmetry we find the relations A ab = 0,
We now impose condition (27) on the bracket and find that the parameters B must satisfy the set of equations 
